To a torus action on a complex vector space, Gelfand, Kapranov and Zelevinsky introduce a system of differential equations, called the GKZ hypergeometric system. Its solutions are GKZ hypergeometric functions. We study the ℓ-adic counterpart of the GKZ hypergeometric system, which we call the ℓ-adic GKZ hypergeometric sheaf. It is an object in the derived category of ℓ-adic sheaves on the affine space over a finite field. Traces of Frobenius on stalks of this object at rational points of the affine space define the hypergeometric functions over the finite field introduced by Gelfand and Graev. We prove that the ℓ-adic GKZ hypergeometric sheaf is perverse, calculate its rank, and prove that it is irreducible under the non-resonance condition. We also study the weight filtration of the GKZ hypergeometric sheaf, determine its lisse locus, and apply our result to the study of weights of twisted exponential sums.
Introduction
Let k be a finite field with q elements of characteristic p, and let ℓ be a prime number distinct from p. Throughout this paper, we work with a nontrivial additive character ψ : k → Q * ℓ . Let χ 1 , . . . , χ m : k * → Q * ℓ be multiplicative characters, and let f, f 1 , . . . , f m ∈ k[t ±1
1 . . . , t
±1
n ] be Laurent polynomials. In number theory, we often need to study the mixed character sum S 1 = t1,...,tn∈k * χ 1 (f 1 (t 1 , . . . , t n )) · · · χ m (f m (t 1 , . . . , t n ))ψ(f (t 1 , . . . , t n )).
Consider the twisted exponential sum
ψ (f (t 1 , . . . , t n ) + t n+1 f 1 (t 1 , . . . , t n ) + · · · + t n+m f m (t 1 , . . . , t n )) .
One can show
S 2 = G(χ Let χ 1 , . . . , χ n : k * → Q * ℓ be multiplicative characters, and let a j ∈ k. Write the twisted exponential sum S 2 in the form In the case where χ 1 , . . . , χ n are trivial, Denef-Loeser ( [9] ) and Adolphson-Sperber ( [2] , [3] ) study this exponential sum. The general case is treated in [4] and [10] .
A method emphasized by Gelfand-Kapranov-Zelevinsky and called the "A-philosophy" in the book [17, 5.1] is that instead of studying the above twisted exponential sum for a fixed (a 1 , . . . , a N ), one could treat (a 1 , . . . , a N ) as indeterminate, or equivalently, one treats (a 1 , . . . , a N ) as parameters and study the corresponding family of twisted exponential sums. In [12] and [14] , Gelfand and Graev define the hypergeometric function over the finite field to be Hyp ψ (x 1 , . . . , x N ; χ 1 , . . . , χ n ) = t1,...,tn∈k *
Its value at (a 1 , . . . , a N ) is the twisted exponential sum introduced above.
Let (γ 1 , . . . , γ n ) ∈ C n be a fixed parameter. In [15] , Gelfand, Kapranov and Zelevinsky define the A-hypergeometric system to be the system of differential equations 
where C is a cycle in the complex torus T n C . (Confer [13, Corollary 2 in §4.2]). The hypergeometric function over finite field is an arithmetic analogue of the above integral. For this reason, we also call Hyp ψ (x 1 , . . . , x N ; χ 1 , . . . , χ n ) as the GKZ hypergeometric sum.
Note that Hyp ψ (x 1 , . . . , x N ; χ 1 , . . . , χ n ) is homogeneous with respect to the torus action in the sense that Hyp ψ (t χ 1 (t 1 ) · · · χ n+m−1 (t n+m−1 )ψ t 1 + · · · + t n−1 − t n − · · · − t n+m−1 + xt n · · · t n+m−1
The last expression is exactly Katz's hypergeometric sum Hyp(ψ, χ 1 , . . . , χ n−1 , 1; χ
n+m−1 )(x). So Katz's hypergeometric sum can be expressed in terms of the GKZ hypergeometric sum. Conversely, using the homogeneity property of the GKZ hypergeometric sum with respect to the torus action, one can also express the GKZ hypergeometric sum associated to the above matrix A evaluated at an arbitrary point (x 1 , . . . , x n+m ) in terms of the (one-variable) Katz's hypergeometric sum. An interesting special case of Katz's hypergeometric sum is the Kloosterman sum Kl ψ (χ 1 , . . . , χ n , 1)(x) = t1,...,tn
It is the GKZ hypergeometric sum Hyp ψ (x 1 , . . . , x n+1 ; χ 1 , . . . , χ n ) associated to the (n×(n+1))-matrix
We say A satisfies the nonconfluence condition if there exist integers c 1 , . . . , c n ∈ Z such that
Theorem 0.1 (Gelfand-Kapranov-Zelevinsky, [15, 16] ] is normal. Let ∆ be the convex hull of {0, w 1 , . . . , w N }.
(i) The GKZ hypergeometric system is holonomic.
(ii) The dimension of the space of GKZ hypergeometric functions at a generic point is n!vol(∆).
(iii) If (γ 1 , . . . , γ n ) satisfies the so-called non-resonance condition, then the sheaf of GKZ hypergeometric functions defines an irreducible local system on a Zariski dense open subset of C N .
We refer the reader to [16, §2.9] for the definition of the non-resonance condition.
A theorem of Hotta ([18, §II 6]) says that if A satisfies nonconfluence condition, then the GKZ hypergeometric system is regular holonomic. In [1] , Adolphson studies the GKZ-system without the nonconfluence condition, and he proves the following. (i) The GKZ hypergeometric system is holonomic.
(ii) Suppose (γ 1 , . . . , γ n ) satisfies the so-called semi-nonresonance condition. Then the dimension of the space of GKZ hypergeometric functions at a generic point is n!vol(∆)/[Z n : M ′ ], where ∆ is the convex hull of {0, w 1 , . . . , w n }, and M ′ is the subgroup of Z n generated by {w 1 , . . . , w N }.
We refer the reader to [1, pg. 284] for the definition of the semi-nonresonance condition.
Adolphson conjectures that even without the nonconfluence condition, the sheaf of GKZ hypergeometric functions defines an irreducible local system on a Zariski dense open subset of C N if (γ 1 , . . . , γ n ) satisfies the non-resonance condition.
In this paper, we introduce the ℓ-adic GKZ hypergeometric sheaf, and we prove theorems of Gelfand-Kapranov-Zelevinsky and Adolphson, and verify Adolphson's conjecture in this context. Moreover, we study the weight filtration of the GKZ hypergeometric sheaf. Specializing our result to a rational point, we recover the main results in [2, 3, 4, 9, 10] about the weights of exponential sums. Denote by A N (resp. T n ) the N -dimensional affine space (resp. n-dimensional torus) over the finite field k. Let L ψ be the Artin-Schreier sheaf on A 1 associated to the nontrivial additive character ψ. For any character χ : (k * ) n → Q * ℓ , let K χ be the Kummer sheaf on T n associated to χ. (Confer [8, Sommes trig. 1.7] for the definition and properties of the Kummer sheaf and the Artin-Schreier sheaf). Let
be the projections, and let F be the morphism
We define the ℓ-adic GKZ hypergeometric sheaf associated to the Kummer sheaf K χ and the vectors w 1 , . . . , w N in Z n to be the object in the derived category
(Confer [7, 1.1.2] for the definition of the derived category
where Frob x is the geometric Frobenius at x. We have the following.
(ii) Suppose w 1 , . . . , w N generate Z n , and suppose χ satisfies the non-resonance condition defined below. Then Hyp ψ (χ) is an irreducible pure perverse sheaf of weight n + N .
The non-resonance condition is defined as follows. Let δ be the convex polyhedral cone in R n generated by w 1 , . . . , w N . For any proper face τ of δ, let T τ be the torus Spec k[Z n ∩ span τ ]. Note that Z n /Z n ∩ span τ is torsion free and hence free. So we have
The inclusion of Z n ∩ span τ in Z n induces a homomorphism of torus
Its kernel is isomorphic to the torus Spec k[Z n /Z n ∩ span τ ]. We say χ satisfies the non-resonance condition if for any proper face τ of δ, the restriction of K χ to ker p τ is nontrivial. This is equivalent to saying that K χ is not of the form p * τ K for any Kummer sheaf K on T τ . Since any proper face of δ is contained in a codimension one face, to check the non-resonance condition, it suffices to work with those proper faces τ of δ of codimension one. be a Laurent polynomial such that a j ∈k are all nonzero, and let ∆ be the convex hull in R n of the set {0, w 1 , . . . , w N }. We say f is nondegenerate with respect to ∆ if for any face Γ of ∆ not containing the origin, the subscheme of T n k defined by 
n ) in the torus (C * ) n such that
It is an irreducible variety defined over Q, and it is conical, that is, it is invariant under multiplication by scalars. If ∇ Λ is a subvariety of C Λ of codimension 1,
we define the Λ-discriminant ∆ Λ (x w ) to be an irreducible polynomial with integer coefficients in the variables x w (w ∈ Λ) which vanishes exactly on ∇ Λ . Such a polynomial is uniquely determined up to sign. If the codimension of ∇ Λ is larger than 1, we set ∆ Λ (x w ) = 1.
Suppose there exists an affine hyperplane in Q n not containing the origin such that all points in Λ lie in this hyperplane. Then there exist integers c 1 , . . . , c n ∈ Z and a nonzero integer c such that
for all w = (w 1 , . . . , w n ) in Λ. We have
Applying d dt | t=1 to both sides of this equation, we get
In particular, the hypersurface ∆ Λ = 0 is the closure of the set consisting of points (x w ) w∈Λ ∈ C Λ for which there exists
provided that this closure has codimension 1.
Consider the Laurent polynomial For any convex polyhedral cone δ in R n with 0 being a face, define the convex polytope poly(δ)
to be the intersection of δ with a hyperplane in R n which does not contain 0 and intersects each one dimensional face of δ. Note that poly(δ) is defined only up to combinatorial equivalence. For any convex polytope ∆ in R n and any face Γ of ∆, define cone ∆ (Γ) to be the cone generated by u
, and define cone
0 is a face of cone
We define polynomials α(δ) and β(∆) in one variable T inductively by the following formulas:
where trunc ≤d (·) denotes taking the degree ≤ d part of a polynomial. These polynomials are first introduced by Stanley [S] . Note that α(δ) and β(∆) only involve even powers of T , and they depend only on the combinatorial types of δ and ∆.
l be a character, let ∆ be the convex hull of {0, w 1 , . . . , w N }, let δ be the convex polyhedral cone generated by w 1 , . . . , w N , and let T be the set of faces τ of δ so that τ = δ and (1) and define a polynomial E(∆, χ) inductively by
where N τ is the number of those w j (j = 1, . . . , N ) lying in τ , cone δ (τ ) is the cone generated by
, and cone
is nondegenerate with respect to ∆.
(ii) For any integer w, let
where e w is the rank of the weight w sub-quotient of the weight filtration for the mixed perverse sheaf [5, 5.3.5] for the definition of the weight filtration of a mixed perverse sheaf ). Then we have
e n+N = e(∆, χ).
Specializing to a point a = (a 1 , . . . , a n ) ∈ V (k), the above theorem implies [9, Theorems 1. Corresponding to Hotta's result about the regularity of the GKZ system under the nonconfluence condition, we have the following theorem which shows that Hyp ψ (χ) is tame under the nonconfluence condition if p is sufficiently large.
Theorem 0.5. Suppose the matrix A satisfies the nonconfluence condition, that is, there exist integers
be the rank one lisse Q ℓ -sheaf on Spec k so that the geometric Frobenius acts by multiplication of the Gauss sum g(χ ′ , ψ) = t∈k * χ ′ (t)ψ(t), and we denote the inverse image of G(χ ′ , ψ) on any k-scheme also by G(χ ′ , ψ). Then there exists an object
In particular, over the algebraic closurek of k,
In both cases, H is independent of the choice of the additive character ψ.
The paper is organized as follows. In §1, we prove that Hyp ψ (χ) is the Deligne-Fourier transform of an explicit perverse sheaf. We use this result to prove Theorem 0.3 and Theorem 0.4 (ii). Theorem 0.4 (i) is deduced from the work of Denef-Loeser [9] . In §2, we study the lisse locus of Hyp ψ (χ) and prove Theorem 0.4 (iii). In §3, we prove Theorem 0.5.
Deligne-Fourier Transformation and the GKZ Hypergeometric Sheaf
Let A ′N be the dual affine space of A N . Denote by
the Deligne-Fourier transformation associated to the character ψ. Recall that for any
where
are the projections, and , is the morphism
Confer [21] for properties of the Deligne-Fourier transformation.
Consider the morphism
By abuse of notation, we denote the morphism T n → T N induced by ι also by ι.
Lemma 1.1. The morphism ι is quasi-finite and affine, and we have
Proof. Since T n and A ′N are affine schemes, ι is an affine morphism. Recall that the matrix A = (w ij ) has rank n. So over Q, the vectors w 1 , . . . , w N generate Q n . This implies that there exists an (N × n)-matrix B = (v ij ) with integer entries such that AB = dI n for some nonzero integer d, where I n is the identity matrix. Consider the morphism
One can verify that the composite ι ′ ι coincides with the morphism
So ι ′ ι is a finite morphism. This implies that ι : T n → T N is finite, and hence ι :
Fix notation by the following commutative diagram, where all squares are Cartesian:
By the proper base change theorem and the projection formula, we have
We have p 2 (ι × id) = π 2 and , • (ι × id) = F , where π 2 : T n × A N → A N is the projection and
So we have
To proceed, we need some facts about toric varieties. The reader can consult [6] or [11] for proof.
Let Σ be a fan in the dual vector space (R n ) * of R n . Denote the toric variety over k associated to the fan Σ by X(Σ). It is covered by affine open subschemes U σ = Spec k[Z n ∩σ], where σ goes over cones in Σ andσ is the dual cone in R n of σ. For the cone σ = 0, we get the open dense torus
The torus action of T n on itself can be extended to an action of T n on
It induces a closed immersion
So we can regard O σ as a subscheme of X(Σ). We have X(Σ) = σ∈Σ O σ , and this gives the orbital decomposition of the toric variety X(Σ) under the torus action. Suppose δ is a rational convex polyhedral cone of dimension n in R n . Then the set Σ(δ) of faces of the dual coneδ is a fan in (R n ) * . For any face τ of δ, let cone δ (τ ) be the convex polyhedral cone in R n generated by u ′ − u (u ′ ∈ δ, u ∈ τ ), and let (cone δ (τ )) ∨ be its dual cone in (R n ) * . We have
and the map τ → (cone δ (τ )) ∨ defines a one-to-one correspondence between faces of δ and faces ofδ.
The toric variety X(Σ(δ)) is affine, and is just Spec k[Z n ∩ δ], and it has an open covering Spec
. Suppose furthermore that 0 is a face of δ. Then we have a k-epimorphism
It induces a closed immersion
We call x 0 the distinguished point in X(Σ(δ)). It is fixed under the torus action on X(Σ(δ)). Lemma 1.2. Let Σ be a fan in R n , let σ ∈ Σ, and let δ σ be the image of the dual coneσ under the
, and 0 is a face of δ σ . Let
be the immersions of the open dense tori in toric schemes. Denote by
where by abuse of notation we denote the inverse image on any k-scheme of the complex
In the following, we apply Lemma 1.2 to the special case where Σ = Σ(δ) for a rational convex
We also denote the torus Spec k[Z n ∩ span τ ] by T τ . To fix notation, we state Lemma 1.2 for this special case as follows:
It is a rational convex polyhedral cone in R n /span τ of dimension dim(R n /span τ ), and 0 is a face of cone
be the distinguished point in X(Σ(cone
be the immersions of the open dense tori in toric schemes. Denote by p τ :
where O στ is considered as a subscheme of X(Σ(δ)).
The morphism ι : T n → A ′N in Lemma 1.1 is induced by the k-homomorphism
Let im ι be the scheme theoretic image of ι. It is the closed subscheme Spec (
and it is clear that im ι ♮ is spanned by monomials of the form t 
It is induced by the k-homomorphism
Note that g is a finite morphism. Let j : 
We are now ready to prove Theorem 0.3. Suppose furthermore that χ satisfies the non-resonance condition. By Lemma 1.3, the canonical morphism
is an isomorphism. We have ι = gj and g is a finite morphism. It follows that the canonical morphism (N × n)-matrix B = (v ij ) with integer entries such that AB = I n . Consider the morphism
One can verify that ι ′ ι = id T n . This implies that ι : T n → T N is a closed immersion, and hence
Theorem 1.5. Keep the notation in Lemma 1.3. Let δ be the convex polyhedral cone in R n generated by w 1 , . . . , w N , let T be the set of proper faces τ of δ so that
, let N τ be the number of those w j (j = 1, . . . , N ) lying in τ , and let q τ : A N → A Nτ be the projection
where Hyp ψ (χ τ ) is the GKZ-hypergeometric sheaf associated to the Kummer sheaf χ τ and the vectors
Proof. Let κ τ : T τ → X(Σ(δ)) be the immersion of O στ = T τ considered as a subscheme of X(Σ(δ)).
.
Applying g ! = Rg * to the above equality, we get that in the
we have
Applying the Deligne-Fourier transformation to this equality, we get that in the
Let i τ : A ′Nτ → A ′N be the inclusion of the coordinate plane corresponding to those coordinates ξ j so that w j ∈ τ . It is the closed immersion corresponding to the k-homomorphism
Let ι τ : T τ → A ′Nτ be the morphism corresponding to the k-homomorphism
One can verify that
where the second isomorphism follows from [21, Théorème 1.2.2.4]. We thus have
Our assertion follows. 
We are now ready to prove Theorem 0.4 (i)-(ii).

Proof of Theorem 0.4 (i)-(ii
As explained in [10] , this result can be deduced [9, Theorem 1.3]. So we have
Denote thek-point (a 1 , . . . , a N ) in A N by a. We have
This is true for any point geometric point a in V . So the rank of Hyp ψ (χ) is (−1) N n ! vol(∆).
(ii) Let K be a mixed complex. (Confer [5, 5.1.5] for the definition of mixed complex). For any i, w ∈ Z, let p H i (K) w be the weight w sub-quotient of the weight filtration for the i-th perverse cohomolgy sheaf p H i (K). Define
By Proposition 1.5, we have
Since q τ is smooth of relative dimension N −N τ , the functor q * 
Let α i be the coefficient of T i in the polynomial α(cone
By [5, 5.1.14], the functor q * τ [N −N τ ] transforms perverse sheaves pure of weight w to perverse sheaves pure of weight w + N − N τ . Let Hyp(χ τ ) w be the weight w subquotient of the weight filtration for the mixed perverse sheaf Hyp(χ τ ). From the above facts, we get
Here for the last equality, we use the fact α(cone
) is a pure perverse sheaf of weight n, its DeligneFourier transform F T ψ (ι ! * (K χ [n])) is a pure perverse sheaf of weight n + N . So we have
for some integer b. We thus have
Evaluating this equation at T = 1, and using the fact
which is deduced from (i), we get
that is, we have b = e(∆, χ). So we have
By this expression, the definition of E(∆, χ), and induction on dim ∆, we get P (Hyp ψ (χ)) = E(∆, χ).
Since Hyp ψ (χ) is a mixed perverse sheaf of weight ≤ n + N , the degree of P (Hyp ψ (χ)) is at most n + N . Similarly, the degree of P (Hyp ψ (χ τ )) is at most dim τ + N τ . By the definition of α, we have
It follows from the last expression of P (Hyp ψ (χ)) that e n+N = e(∆, χ).
The above proof also shows the following.
Corollary 1.6. The weight n + N subquotient of the weight filtration for the mixed perverse sheaf
, and its ranks is equal to e(∆, χ).
The lisse locus of the GKZ hypergeometric sheaf
In this section, we prove Theorem 0. , . . . , t
Fix notation by the following commutative
We have
Note that For simplicity of notation, we still work with the vectors w j instead of (q − 1)w j .
Let ∆ be a rational convex polytope of dimension n in R n . Then the set
is a fan, where for any face Γ of ∆, cone ∆ (Γ) is the cone in R n generated by u
and (cone ∆ (Γ)) ∨ is its dual. The toric variety X(Σ(∆)) is proper over k, and it has an open covering
Let ι : T n → A ′N be the morphism in Lemma 1.1. We have seen that the scheme theoretic image im ι of ι is isomorphic to the affine toric variety Spec k[S], where S is the sub-semigroup in Z n generated by w 1 , . . . , w N . The normalization of im ι is isomorphic to the normal toric variety
, where δ is the convex polyhedral cone in R n generated by w 1 , . . . , w N .
Embed A ′N into the projective space P N in the standard way, and letῑ : T n → P N be the composite
The scheme theoretic image imῑ ofῑ is a projective toric variety (not necessarily normal). By [6, Theorem 3.A.5] the normalization of imῑ is isomorphic to the toric variety X(Σ(∆))
described above, where ∆ is the convex hull of 0, w 1 , . . . , w N . If we take Γ 0 to be the smallest face of ∆ containing 0, then we have cone
The following diagram commutes:
Letj : T n ֒→ X(Σ(∆)) be the immersion of the open dense torus, and letπ 2 : X(Σ(∆)) × A N → A N be the projection. We have a commutative diagram
Sinceπ 2 is proper, we have
That Hyp ψ (1) is lisse on V follows directly from the following proposition. (Confer [8, Finitude A 2]).
Proof. We prove that over V , the pair (j × id) ! F * L ψ ,π 2 is locally constant, that is, locally with respect to theétale topology, it is isomorphic to the base change (p *
projections. Our assertion then follows from [8, Finitude 2.16] . Let Γ be a face of ∆, and let σ Γ = (cone ∆ (Γ)) ∨ be the cone in Σ(∆) corresponding to Γ. We have
where Γ − Γ = {u ′ − u|u, u ′ ∈ Γ}. We have a closed immersion
induced by the k-epimorphism
Regard O σΓ as a subscheme of X(Σ). We have X(Σ(∆)) = Γ≺∆ O σΓ . First consider the case where Γ is a face of ∆ containing 0. Then we have w j ∈ cone ∆ (Γ) for all
can be regarded as an element in
Hence the morphism F : 
and locally with respect to theétale topology, the second pair is isomorphic to the base change to A N of the pair (j ! Q ℓ , U σΓ ). Now suppose Γ is a face of ∆ not containing 0, and let (P, a) :
is locally constant near the point (P, a). As X(Σ(∆)) = Γ≺∆ O σΓ , this will finish the proof of our assertion. We first make some simplification. Let φ : R n → R be a linear functional such that there exists a nonzero constant d with the property
We may write
and we may choose φ so that d 1 , . . . , d n are relatively prime integers. Then φ induces a linear map φ : Z n → Z. Using the fact that d 1 , . . . , d n are relatively prime, one can show the abelian group Expand elements in Z n with respect to this basis and denote w 1 e 1 + · · · + w n e n by w = (w 1 , . . . , w n ).
For any w ∈ ∆, we have w n ≥ d, and Γ consists of those elements w ∈ ∆ with the property w n = d.
Moreover, for any m + 1 ≤ i ≤ n, elements in Γ have a common i-th coordinate. Let cone
• ∆ (Γ) be the image of cone ∆ (Γ) under the projection R n → span{e m+1 , . . . , e n }. We have
Since thek-point P of X(Σ(∆)) lies in O στ , P corresponds to a k-homomorphism
where (i 1j , . . . , i nj ) = (w 1j , . . . , w nj )−(w 1j0 , . . . , w nj0 ). This is an element in
Set F Γ = wj ∈Γ x j t 
is nondegenerate with respect to ∆,
has no solution in (k * ) n . This implies that
are zero.
Then there exists i ∈ {1, . . . , m} such that
It induces a k-morphism
Note that if w j ∈ ∆\Γ, then we have w j − w j0 ∈ cone ∆ (Γ)\span(Γ − Γ) and hence P ♮ (w j − w j0 ) = 0.
It follows that
So we have (t
On the other hand, (w 1j0 , · · · , w mj0 , 0, . . . , 0) lies in span(Γ − Γ), we have
)(P, a)
By the Jacobian criterion, ϕ is etale atk-point (P, a) of U σΓ × A N . Let
be the canonical open immersion, and let F 0 be the morphism
Through the etale morphism ϕ, locally near (P, a) with respect to the etale topology, the pair (j × id) ! F * L ψ ,π 2 is isomorphic to the base change to A N of the pair 
is etale over thek-point (P, a). Consider the k-homomorphism
We claim that θ is etale over (P, a). Indeed, we have a commutative diagram
where the vertical arrows are canonical homomorphisms, and horizontal arrows are isomorphisms defined by
and F is the preimage of t
F with respect to the second horizontal arrow, that is,
To prove θ is etale over (P, a), it suffices to show the canonical morphism
is etale over (P, a). Indeed, if w j ∈ ∆\Γ, we have w j − w j0 ∈ cone ∆ (Γ)\span(Γ − Γ) and hence
If w j ∈ Γ, then w nj = w nj0 = d and hence w nj0 − w nj = 0. In any case, for any j = 1, . . . , N , we have
By the Jacobian criterion, θ ′ is etale over (P, a). This proves our claim. Let
Through the etale morphisms ψ and θ, locally near (P, a) with respect to the etale topology, the
3 Proof of Theorem 0.5
Suppose A satisfies the nonconfluence condition, that is, there exist integers c 1 , . . . , c n ∈ Z such that
This implies that the quotient group Z n /{m(c 1 , . . . , c n )|m ∈ Z} is free. Indeed, if (a 1 , . . . , a n ) ∈ Z n and k(a 1 , . . . , a n ) = m(c 1 , . . . , c n ) for some integers k = 0 and m, then k divides mc 1 , . . . , mc n and
It follows that (a 1 , . . . , a n ) = m k (c 1 , . . . , c n ) lies in the subgroup of Z n generated by (c 1 , . . . , c n ). So Z n /{m(c 1 , . . . , c n )|m ∈ Z} is torsion free and hence free. Therefore {m(c 1 , . . . , c n )|m ∈ Z} is a direct factor of Z n , and (c 1 , . . . , c n ) can be extended to a basis of Z n . So we can find an (n × n)-matrix C = (c ij ) with integer entries so that its row vectors form a basis of Z n and that its first row is exactly (c 1 , . . . , c n ). The matrix C is an invertible matrix in GL(n, Z), and
c ki w ij (k = 2, . . . , n, j = 1, . . . , N ).
We first give an heuristic argument explaining the main idea of the proof of Theorem 0.5. Make the change of variables
and let
Then we can evaluate the GKZ hypergeometric sum as follows:
is the Gauss sum, and the last equality holds if
This shows that under this condition, the GKZ hypergeometric sum is a product of the Gauss sum and a sum involving only multiplicative characters. We now give the proof of Theorem 0.5.
Proof of Theorem 0.5. Keep the notation above. The morphism
is an isomorphism. Fix notations by the following diagram
where π 1 and π 2 are projections, and F is the morphism defined by
be the pairing between A 1 and A ′1 . Denote the restriction of , to T 1 × A ′1 also by , . Then we
Moreover, we have
Fix notation by the following commutative diagram
where all arrows are projections. By the projection formula, we have
By Lemma 2.1 below, we have an isomorphism
where κ : 
where G(χ ′ 1 , ψ) is the rank 1 lisse sheaf on Spec k so that the geometric Frobenius acts by multiplication by the Gauss sum g(χ ′ 1 , ψ) = t∈k * χ ′ 1 (t)ψ(t), and we denote the inverse image of G(χ
Let M be a positive integer relatively prime to p so that χ 
2 , π
1 , [M ], G and κ are all defined over Z. So Rπ 
The same argument as above shows that Hyp ψ (χ) is a direct factor of Rπ Lemma 3.1. Notation as above. We have an isomorphism
Proof. Fix notation by the following commutative diagram of Cartesian squares:
This proves our assertion. 
